We compute the hadron mass spectrum, the quark masses and the meson decay constants in quenched lattice QCD with non-perturbatively O(a) improved Wilson fermions. The calculations are done for two values of the coupling constant, β = 6.0 and 6.2, and the results are compared with the predictions of ordinary Wilson fermions. We find that the improved action reduces lattice artifacts as expected.
Introduction
The calculation of hadron masses in lattice gauge theory has a long history. Over the years there has been a steady improvement in computing power and methods allowing simulations on larger volumes and smaller quark masses with higher statistics. However, the progress to smaller lattice spacing a has been slower because of the high computer cost which increases by at least a factor of (1/a) 5 . Since it is so expensive to reduce cut-off effects by reducing a, we should consider reducing them by improving the action.
A systematic improvement program reducing the cut-off errors order by order in a has been proposed by Symanzik [1] and developed for on-shell quantities in ref. [2] . The standard gluonic action has discretization errors of O(a 2 ), but those for Wilson fermions are of O(a). Therefore it is the fermionic action which is most in need of improvement.
Sheikholeslami and Wohlert [3] proposed the action (we assume r = 1 throughout the paper)
where
F is the original Wilson action and
In eq. (2) the sum extends over the four plaquettes in the µν-plane which have x as one corner, and the plaquette operators U(x) µν are the products of the four link matrices comprising the plaquettes taken in a clockwise sense. If c SW is appropriately chosen, this action removes all O(a) errors from on-shell quantities such as the hadron masses. A non-perturbative evaluation of this function leads to [4] c SW (g) = 1 − 0.656 g 2 − 0.152 g 4 − 0.054 g
When we talk about improved fermions in the following, we always understand that c SW has been chosen according to eq. (3) . In this paper we shall present results for the light hadron mass spectrum, the light and strange quark masses and the light meson decay constants using the improved action. The calculation is done for two values of the coupling, β = 6.0 and 6.2, which allows us to test for scaling.
The mass calculations extend our earlier work [5] where we have examined the c SW dependence at β = 6.0. To exhibit the effect of improvement, we have also done calculations with Wilson fermions on the same lattices. Most of our Wilson data come from our structure function calculations [6, 7] , and we combine this with masses from the literature at other β values to see the dependence on a clearly.
From the meson correlation functions we also extract meson decay constants and quark masses. However, simply improving the action is not sufficient to remove all O(a) errors from these quantities. Here we also have to improve the operators which is done by adding higher dimensional terms with the same quantum numbers in an appropriate fashion.
This paper is organized as follows. In sec. 2 we briefly describe our numerical method. The hadron masses are given in sec. 3, concentrating in particular on the extrapolation to the chiral limit and the scaling behavior of improved and Wilson action results. In sec. 4 we compute the light and strange quark masses using two different methods, from the axial vector current Ward identity and from the lattice bare quark masses. The meson decay constants are discussed in sec. 5. Finally, in sec. 6 we give our conclusions.
Computational Details
Our calculations have mainly been done at β = 6.0 and 6.2 on 16 3 32, 24 3 32 and 24 3 48 lattices. We use Quadrics (formerly called APE) parallel computers. For the improved case the parameter c SW is given from eq. (3) as c SW = 1.769 at β = 6.0 and c SW = 1.614 at β = 6.2. The simulations are done for at least five different κ values in each case. This helps with the extrapolation to the chiral limit.
For the gauge field update we use a combination of 16 overrelaxation sweeps followed by a three-hit Metropolis update. This procedure is repeated 50 times to generate a new configuration.
The improvement term in eq.
(1) appears in the site-diagonal part of the action. The major overhead in our case is multiplication by this term during inversion of the fermion mass matrix. In our basis of hermitean gamma matrices we can rewrite this term as [8] 1 − i 2 κgc SW σ · F = A B B A = 1 2 1 −1 1 1
where A, B are 6 × 6 matrices (two-spinors with color), so that instead of a 12 × 12 multiplication we have two 6 × 6 multiplications and two inexpensive coordinate transformations. This reduces the overhead for the improvement in the inverter from 45% to 30%. Also, the inverse of the matrix in eq. (4) is required on half the lattice due to the even-odd preconditioning. We now have to invert two 6 × 6 instead of a 12 × 12 matrix. However, this is only required once for each propagator inversion.
For the matrix inversion we mainly used the minimal residue algorithm, except for the lightest quark mass on the larger lattices where we used the BiCGstab algorithm [9, 10] . As convergence criterion we chose |r| ≤ 10
for the residue, which is the best that can be achieved for our single precision machine.
For the mass calculations we used Jacobi smearing for source and sink. For a detailed description of our application of this procedure see ref. [11] . We have two parameters we can use to set the size of our source, the number of smearing steps, N s , and the smearing hopping parameter, κ s . We chose N s = 50 for β = 6.0 and 100 for β = 6.2 and κ s = 0.21 at both β values. This gives roughly the same r.m.s. radius in physical units in both cases, namely 0.4 fm. To define the matrix elements for the decay constants and quark masses, we have also computed correlation functions with smeared source and local sink. This does not require any additional matrix inversions.
At β = 6.0 and c SW = 0 we had generated O(5000) configurations for our structure function project on which we have computed the hadron masses. To these we added O(150) new configurations on which we computed the meson decay constants and the chiral Ward identity. For c SW = 1.769 we have analyzed O(1000) configurations. For the heavier quark masses, κ = 0.1487 and κ = 0.1300, 0.1310, 0.1320, respectively, the number of configurations was O(200). On the 24 3 lattice we have generated O(100) and O(200) configurations at c SW = 0 and 1.769, respectively. At β = 6.2 we only ran on 24 3 lattices. Here we have analyzed O(100) configurations for c SW = 0 and O(300) configurations for c SW = 1.614. We employed both relativistic and non-relativistic wave functions [6, 7] , except for the high statistics runs where we only looked at the non-relativistic wave function in order to save computer time.
Besides our calculations at β = 6.0 and 6.2 we also made exploratory studies at β = 5.7 to see what effect varying c SW has on coarser lattices. If one decreases β, increases c SW or increases κ, one starts to get problems with exceptional configurations. This showed up in non-convergence of our fermion matrix inversions. It was, however, only a real problem at β = 5.7, c SW = 2.25 and [5] β = 6.0, c SW = 3.0.
Hadron Masses
We consider hadrons where all the quarks have degenerate masses. We looked at π, ρ, nucleon (N), a 0 , a 1 and b 1 masses, and we have used this nomenclature for all quark masses, not just in the chiral limit.
In our mass calculations we have made single exponential fits to meson and baryon correlators over appropriate fit ranges. The errors are determined using the bootstrap method with 50 data samples. We present our hadron mass results in tables 1, 2 and 3. Table 2 updates the results presented in ref. [5] . For the meson masses we found very little difference between using relativistic and non-relativistic wave functions, and we settled for relativistic wave functions (except for the high statistics runs). For the nucleon we have chosen non-relativistic wave functions [6] which performed slightly better because the effective mass plateaus extended to larger times. At β = 6.0 we repeated the lightest quark mass on 16 3 
Chiral Behavior
To obtain the critical value of κ, κ c , and the hadron masses in the chiral limit, we extrapolate our data to zero π mass. We first tried
Using this relation gives a rather poor fit of the data, and we saw that there was a slight curvature in a plot of m 2 π against 1/κ. Quenched chiral perturbation theory predicts [12] 
where δ is small and positive. We made fits using this formula but found that δ was always negative. As in our previous work [5] we conclude that our κ values are too far from κ c for the formula to be applicable. This is in agreement with observations made by other authors [13] .
As an alternative parameterization of the curvature we used the phenomenological fit
In . In the following we shall take κ c from the phenomenological fits.
In fig. 1 we plot κ c for improved Wilson fermions. We compare our results with the results of ref. [4] . The agreement is excellent. In one-loop perturbation theory κ c is given by [5] 
The tadpole improved value of κ c that follows from this result is
where c SW is given by eq. (3),
and g * 2 is the boosted coupling constant defined by
In fig. 1 we compare the tadpole improved perturbative formula (10) with the data where for the larger couplings we have taken u 0 from [14, 15] . The curve and the data points agree within less than 1%. In eq. (10) one has the choice of using the lowest order tadpole improved value of c SW , namely u
, or the value from eq. (3) which is the value actually used in the simulations. Both procedures remove all the tadpole diagrams and differ only by small O(g 4 ) terms, so they are both reasonable. We prefer the second choice.
We fit the other hadron masses by the formula
The result of the fit is shown in fig. 2 for both improved and Wilson fermion data. The Wilson fermion data are the world data compiled in tables 5, 6 and 7.
We find this to be a more appropriate fit formula than the ansatz [26] 
because for the nucleon the plot of m π )). To decide which fit formula is best and to do a reliable extrapolation to the chiral limit, it is important to have many κ values. For the a 0 , a 1 and b 1 masses only a two-parameter fit with b 3 set to zero was reasonable. The mass values in the chiral limit for our data are also given in tables 1, 2 and 3.
We see that the effect of improvement is largest for the ρ mass. In the chiral limit the difference between improved and Wilson results is 25% at β = 6.0 and still 12% at β = 6.2. It is quite common to define the physical scale from the ρ mass. The relatively large change of this quantity from the Wilson to the improved case suggests that it contains large O(a) corrections, and that this procedure is misleading. A better procedure is to use the string tension or r 0 [27] , the force parameter, as the scale. For the nucleon mass the difference between the two actions is smaller.
APE Plots
In figs. 3 and 4 we show the dimensionless ratio m N /m ρ as a function of (m π /m ρ ) 2 , a socalled APE plot, for β = 6.0 and 6.2, both for improved and Wilson fermions (the latter using the world data given in tables 5 and 6). The solid lines are the results of the ratio of the fits in fig. 2 . At β = 6.0 we find that the mass ratio data are rather different for the two actions. The improved results lie consistently lower than the Wilson results. At β = 6.2 we find the same pattern in the data.
At β = 6.0 we can say something about the chiral limit. Our fits give m N /m ρ = 1.20(6) for improved fermions and m N /m ρ = 1.33 (2) for Wilson fermions. The improved results come closer to the physical value than the Wilson results. At β = 6.2 we are lacking data at small quark masses and on larger volumes. In the chiral limit our fits give m N /m ρ = 1.32 (11) for improved fermions and m N /m ρ = 1.39 (12) for Wilson fermions, so that we cannot say anything conclusive about the behavior of the two actions in the chiral limit in this case.
Scaling Behavior
Let us now look at and compare the scaling behavior of the two actions. We shall limit our discussion to the ρ mass because the errors of the nucleon are too large to make precise statements. In order to exhibit the cut-off effects most clearly, it has been suggested [28] that m ρ should be plotted in units of the square-root of the string tension K which has cut-off errors of O(a 2 ) only. In table 8 we have compiled the world string tension data. When there are several calculations, we performed the weighted average.
In fig. 5 we plot the ratio m ρ / √ K as a function of a √ K. This is done for fixed physical π masses with m 2 π = 0, 2K and 4K. Comparing hadron masses at larger quark masses has the advantage that this does not require large extrapolations of the lattice data but rather involves small interpolations only. The Wilson fermion data shown are a fit to the world data compiled in tables 5, 6 and 7. As expected, the Wilson masses show practically a linear behavior in the lattice spacing a. We have done a simultaneous linear plus quadratic fit to the Wilson data and a quadratic fit to the improved data. The fit is constrained to agree in the continuum limit. The result of the fit is shown by the solid lines in fig. 5 . In the continuum limit we obtain m ρ / √ K = 1.80 (10) . We compare this result with the experimental ρ mass. For the string tension we take the value √ K = 427 MeV (15) which has been obtained from a potential fit to the charmonium mass spectrum [36] . Using this value the physical m ρ / √ K is 1.80 which agrees with the lattice number. As mentioned previously, an alternative scale from the potential is r 0 . We have also compiled lattice results for r 0 in table 8 . We see that it scales very well with √ K, as the product r 0 √ K is approximately constant at about 1.19, while the lattice spacing a changes by a factor of more than five. However, the physical value of r 0 √ K is 1.06, taking r −1 0 as 402 MeV which follows from the same potential that gives √ K = 427 MeV [36] . It does not seem that this discrepancy will vanish as a → 0. It is telling us that the lattice potential has a slightly different shape to the continuum potential. This may be an effect of quenching [37] .
Although at β = 5.7 we do not know the correct value of c SW , using our larger value c SW = 2.25 we find m ρ / √ K = 1.94 in the chiral limit. Comparing this number with fig. 5 , it indicates that O(a 2 ) effects are moderate even at this coupling.
Mass Splitting
The vector-pseudoscalar mass splitting
is experimentally rather constant for all quark flavors. One finds
Quenched lattice calculations with Wilson fermions are unable to reproduce these numbers. Wilson fermions give a splitting which is much too small. In fig. 6 we compare the experimental values of m
K with the lattice data and the mass fits. As before, we have taken the string tension eq. (15) as the scale. In fig. 6 we also show the results for improved fermions and the corresponding mass fits as well. There is a noticeable change when going to the improved case. We find good agreement with experiment for the absolute values.
In the heavy quark effective theory [38]
where Ψ is the heavy quark field. So it is natural that turning on the Sheikholeslami-Wohlert term would increase the mass splitting, and this is what we see.
Wilson κ c
Let us now come back to the critical value of κ for Wilson fermions. In table 9 we have given the values of κ c from a fit of the world data in tables 5, 6 and 7 using the phenomenological ansatz (8) . In fig. 7 we plot these results as a function of a √ K (the string tension being taken from table 8). We see that κ c is a linear function of a over the whole range of the data which extends from β = 5.7 to 6.4. Comparing this with the improved κ c , which is approximately constant, we conclude that the Wilson κ c has large O(a) effects. We also compare the Wilson data with the predictions of tadpole improved perturbation theory as given by eq. (10) with c SW = 0. Here we have taken the one-loop perturbative formula for a beyond β = 6.8 where there are no numerical values for the string tension available any more. Not even at the smallest value of a can perturbation theory describe the Wilson data. For improved fermions, on the other hand, the agreement with tadpole improved perturbation theory is quite good, as we have already noticed.
Quark Masses
We shall now turn to the calculation of the quark masses. When chiral symmetry is dynamically broken, care has to be taken in defining renormalized masses. In the continuum the renormalized quark mass at scale p 2 = µ 2 can be written [39]
where S F is the renormalized quark propagator which is to be evaluated in a given gauge. This definition refers to the momentum subtraction scheme. It is usual to give the quark masses in the MS scheme. To convert from one scheme to the other, one has to go to high enough scales so that one can use perturbation theory. If the quark mass is defined in this way, then the renormalized mass is proportional to the bare mass.
On the lattice the standard assignment of the bare mass is
giving the renormalized mass as
where Z M S m (aµ, am) is the mass renormalization constant. We call this method of determining the renormalized mass the standard method.
An alternative way of defining a bare mass is by means of the PCAC relation between the divergence of the axial vector current A µ =ψγ µ γ 5 ψ and the pseudoscalar density P =ψγ 5 ψ,
where O is a suitable operator having zero three-momentum and no physical overlap with A 4 (x) and P (x) to avoid contact terms. (See later on for a precise definition.) All operators are bare operators. To avoid anomaly terms in eq. (22), flavor non-singlet operators are taken. We call this method the Ward identity method. The renormalized mass is then given by
where Z A (am) and Z M S P (aµ, am) are the renormalization constants of the axial vector current and the pseudoscalar density, respectively.
The quark mass inherits its scale dependence from the renormalization constants Z m and Z P which involve logarithms of µ. In the following we will compute Z m and Z P perturbatively to one-loop order for lack of a better, non-perturbative determination. To keep the logarithms under control it is best to take aµ = 1 and do the transformation to any other scale by the renormalization group formula
In the continuum limit both procedures should give identical results for m M S (µ). Note, however, that the two bare masses m andm can be different, though they both vanish in the chiral limit. On the lattice the two procedures may give different results for m M S (µ) due to non-universal discretization errors.
The lattice calculation of the quark masses now proceeds in two steps. In the first step one has to find the κ values corresponding to the real world by adjusting (e.g.) the pseudoscalar meson masses to their experimental numbers. In case of the Ward identity method one furthermore has to computem. In the second step the bare quark masses have to be converted to renormalized masses. We shall compute the masses of the u and d quarks, which we assume to be equal, and the mass of the strange (s) quark.
Improved Fermions
Let us consider the case of improved fermions first. Later on we shall compare our results with the predictions of Wilson fermions to see the effect of improvement.
We will discuss the Ward identity method first. For the operator O we take the pseudoscalar density
and smear it as we did in the hadron mass calculations. As the P (0) part is common to all two-point functions, we could have used any operator projecting onto the pseudoscalar state. Similarly, we write
For improved fermions the axial vector current in eq. (22) is to be replaced by
where c A is a function of the coupling only. The time derivative ∂ 4 is taken to be the average of the forward and backward derivative. The coefficient c A has been computed in [4] giving c A = −0.083 at β = 6.0 and c A = −0.037 at β = 6.2. The resulting bare mass
has been plotted in fig. 8 for β = 6.0 and our smallest quark mass on the 16 3 32 lattice. In fig. 9 we show the same quantity for β = 6.2 and our smallest quark mass on the 24 3 48 lattice. (Also shown in these figures are the results for Wilson fermions which we will discuss later on.) Equation (28) should be independent of t, except where the operators physically overlap with the source, if the cut-off effects have been successfully removed. In both cases, but in particular at β = 6.2, we see a smaller deviation from the plateau at small and large t values. To obtain the mass, we fit the ratio (28) to a constant. We have used the same fit ranges as for the pion mass. The results of the fit are given in tables 10, 11. At β = 6.0 in the improved case we see that at κ = 0.1342 we have small finite size effects, indicating again that our results on the 16 3 32 lattice are not significantly volume dependent.
For both the Ward identity and the standard method we choose to determine the κ values from the pseudoscalar meson masses. Sometimes the φ(1020) meson is taken for the determination of the strange quark mass. However, we do not think that this is a good idea because of potential ω − φ mixing [40] . We generalize eq. (8) to the case of two different quark masses by writing
with the same coefficients b 2 , b 3 as before. This is inspired by chiral perturbation theory where it is expected that the pseudoscalar mass is a function of the sum of quark and antiquark mass, m q + mq, even when quark and antiquark have different flavors. By fixing m P S to the physical pion mass m π ± , using the string tension values compiled in table 8 with eq. (15) as the scale, we find the value for κ u,d = κ 1 ≡ κ 2 . The strange quark mass is obtained by identifying m P S with the kaon mass m K ± , taking κ 1 = κ u,d as input and solving for κ 2 = κ s . This gives for the light mass
For the strange mass we get
The bare massesm u,d ,m s are computed analogously. We writẽ
Using this parameterization we first fit the masses in tables 10, 11 to the pseudoscalar masses in tables 2, 3. This gives usb 2 ,b 3 . We then determinem u,d ,m s by fixing m P S to the physical pion and kaon masses, respectively, as before.
The mass dependence of the renormalization constant Z A (am) can be parameterized as [41] Z
The renormalization constant Z A has been computed non-perturbatively in ref. [42] . The fit formula in this paper gives Z A = 0.7924 at β = 6.0 and Z A = 0.8089 at β = 6.2. The coefficient b A is only known perturbatively to one-loop order [43] . The best we can do at present is to take the tadpole improved value. For the boosted coupling we use α
where we take α 
The renormalization constant Z M S P (aµ) has been computed perturbatively [44] . The result is
with C F = 4/3. We shall take the scale µ = 1/a and use the tadpole improved value of eq. (36) which turns out to be
(We use u 0 = 0.8778 at β = 6.0 and u 0 = 0.8851 at β = 6.2). The coefficient b P has also been computed perturbatively to one-loop order [43] . Again we shall use the tadpole improved value
We have also computed the renormalization constants Z A (am), Z P (aµ, am) non-perturbatively [45] . So far we have results for β = 6.0 only. Our numbers are in fair agreement with the non-perturbative calculation in ref. [42] and the tadpole improved value (37). However, for small µ the constant Z P behaves very differently from the perturbative formula.
To compare the results at the two different β values, we rescale them both to µ ′ = 2 GeV using formula (24) . As before, we use the string tension to convert the lattice spacing into physical units. The resulting quark masses m 
The constant Z M S m (aµ) has been computed perturbatively [44] . We obtain
The tadpole improved value, which we will be using, is
The coefficient b m has been computed in [43] . The tadpole improved value is
Again we extrapolate the quark masses to µ ′ = 2 GeV using eq. (24). The results which follow from this approach are listed in table 12 as well.
The results of the Ward identity and the standard method may differ by O(a 2 ) effects, and they do. We can 'fit' the a dependence by
The result of the fit is shown in figs. 10, 11. The continuum values from this fit are given in table 12. We find that the two methods give consistent results in the continuum limit.
Taking the statistical average of the two results we obtain the continuum values
The Ward identity method appears to have larger O(a 2 ) effects than the standard method.
We may compare our results with the prediction of chiral perturbation theory, which cannot give absolute values but can determine the ratio of m s to m u,d . A recent calculation gives [46] 
Wilson Fermions
Let us now consider the case of Wilson fermions. We proceed in the same way as before. The situation here is that Z A (am) is known non-perturbatively only for β = 6.0 [47] , and that b A , b P and b m are only known to tree-level. So for Z A we use the tadpole improved perturbative value
and for b A , b P and b m we take the tree-level results. Comparing Z A with the non-perturbative determination at β = 6.0 [47] , as well as with a non-perturbative calculation at β = 5.9, 6.1 and 6.3 using the Ward identity [48] , we find good agreement. The renormalization constants Z M S P (aµ = 1) and Z M S m (aµ = 1) are obtained from eqs. (37), (41) by setting c SW = 0. The resulting quark masses are given in table 12, and they are plotted and compared with the improved results in figs. 10, 11. In this case we expect discretization errors of O(a) instead of O(a 2 ). So it is not surprising that the Ward identity and the standard method give results which are far apart. We find that the Ward identity method gives mass values which are closer to the continuum result.
Finally, in figs. 12, 13 we compare our improved quark masses with the world data of Wilson quark masses as compiled in ref. [49] for the standard method. These authors use the ρ mass extrapolated to the chiral limit to set the scale. At β = 6.0 the scale set by the string tension and by the Wilson action ρ mass differ by about 20% which explains the difference between our Wilson data and the world data in figs. 12, 13. We see that the improved action improves the scaling behavior.
Decay Constants
The pion decay constant f π is well known experimentally and can be determined from the two-point correlation functions on the lattice as well, allowing for a further test of scaling of the improved theory. We shall also look at the decay constants of the K, ρ, K * and the a 1 meson.
In Euclidean space at zero three-momentum we define
where A and V are the renormalized axial vector and vector current, respectively, and e(λ) is the polarization vector with λ e * i (λ)e j (λ) = δ ij . The pseudoscalar and vector states are normalized by
Note that our f a 1 is defined to be dimensionless. In the improved theory the renormalized operators are
where V µ =ψγ µ ψ and T µν =ψσ µν ψ are the vector and tensor operators, respectively. We use the definition σ µν = i[γ µ , γ ν ]/2. Both currents are (partially) conserved, and hence no scale enters into their definition. The renormalization constant Z A and the improvement coefficients c A and b A have already been given in the last section. The renormalization constant Z V and the coefficients b V and c V have been computed non-perturbatively in ref. [42, 50] . At β = 6.0 the values are Z V = 0.7780, b V = 1.472 and c V = −0.32 (6) , and at β = 6.2 the numbers are Z V = 0.7927, b V = 1.409 and c V = −0.22 (7) . While for most of these quantities the authors have given fit formulae in g 2 , for c V we have read the numbers from the graph in [50] , as no such formula exists yet. We have also determined Z V and b V at β = 6.0 from our nucleon three-point functions and find consistent results.
On the lattice we extract the meson decay constant from two-point correlation functions. For large times we expect that
where O(t) is of the form V − 1 2 s xψ ( x, t)Γψ( x, t), V s being the spatial volume of the lattice, and O † = ηO with η = ±1 being given by γ 4 Γ † γ 4 = ηΓ. The η factor tells us how O behaves under time reversal, i.e. whether the two-point function is symmetric or antisymmetric with respect to t → T − t. Here T is the temporal extent of the lattice. In general we have computed correlation functions with local (L) and smeared (S) operators.
We shall now consider the appropriate matrix elements separately. We start with those matrix elements necessary for the π. With our conventions we set 
and for the matrix element of ∂ 4 P we obtain from the ratio of the C LS P P and C LS A 4 P correlation functions af
Alternatively, we can take the time derivative from the plateau in the correlation function. Numerically we found that it made very little difference to the result. For the a 1 we set
and we find
For the ρ we set
and we obtain
and af
In tables 13 and 14 we give the lattice results for the matrix elements calculated from the above formulas. The fits to the correlation functions, as for the masses, are all made using the bootstrap method.
Collecting all the terms, the physical decay constants are given by
When the improvement terms are weighted with the appropriate c factors, they contribute about 10-20% at β = 6.0 and up to 10% at β = 6.2. It is thus important to improve the operators as well.
To perform the chiral extrapolation, we make fits similar to those for the hadron masses, namely
We decided to fit the square of the decay constants rather than the decay constants themselves because this shows less curvature. The fits and the data are shown in fig. 14 for f π and f ρ . We compare this result with the meson decay constants computed with the Wilson action. These follow from eq. (60) with c A , c V = 0. For Z A we use the tadpole improved value given in eq. (46), and for b A we take the tree-level result (b A = 1). The renormalization constant Z V (in the chiral limit) has been determined non-perturbatively from a two-point correlation function of the local vector current [48] at β = 5.9, 6.1 and 6.3. Unlike the case of Z A , we find significant differences between this determination and our determination using the nucleon three-point function. The latter gives Z V = 0.651(15) at β = 6.0 which is close to the tadpole improved result. This indicates large O(a) effects. Since we are applying Z V to a two-point function, we chose to use the non-perturbative result from ref. [48] . We interpolate this result to β = 6.0 and 6.2 and find Z V = 0.565 and 0.618, respectively. For b V we again take the tree-level result. Although the individual contributions of the improvement terms are significant, the overall result for f π in fig. 14 is not much changed when compared with the Wilson case for smaller quark masses. For larger quark masses, especially at β = 6.0, the Wilson f π is larger. The situation is different for f ρ . Here we find a systematic difference of 10-20% at β = 6.0 and approximately 10% at β = 6.2 for all quark masses. In both cases the difference between the two actions becomes smaller with increasing β as one would expect. Our results extrapolated to the chiral limit are given in table 15, and we compare f π and f ρ with experiment in fig. 15 . For f π we find reasonable agreement of the improved results with the experimental value using, as before, the string tension as the scale. When including the data of ref. [51] , one sees that the Wilson results lie lower, and it appears that the values are increasing as we approach the continuum limit. For f ρ both our improved and Wilson results lie within 5% of the experimental value. There is, however, a definite difference as we previously remarked. The Wilson numbers lie above the experimental value, while the improved ones lie below. One must remember though that in the Wilson case there is a systematic error in the renormalization constant Z V which may be larger than the statistical errors in the figure. The experimental number for the decay constant of the a 1 is [52] f a 1 = 0.17(2) (in our notation). The agreement between experimental and lattice values is encouraging.
We can avoid errors from extrapolating to the chiral limit by considering quark masses within our data range, as we have already done in figs. 5 and 6. The most physical κ values to use are those corresponding to the K mass. To obtain the decay constants we take eqs. (61) and (63) at m π = m K . (Remember that we are using m π as a generic name for the pseudoscalar meson mass.) We give the results for f K and f K * in table 15 , and in fig. 16 we show the scaling behavior together with the experimental value for f K . We find the errors to be substantially reduced. For f K we see no difference between improved and Wilson results, both lying 10% below the experimental value. For f K * the error bars have become small enough to attempt an extrapolation to the continuum limit. The curves are a simultaneous fit, linear for the Wilson and quadratic for the improved data, constrained to agree in the continuum limit. In this quantity there appear to be large O(a 2 ) effects in the improved case.
Conclusions
The goal of this paper was to investigate the scaling behavior of O(a) improved fermions. If scaling is good, the results we get should already be close to the continuum values for present values of the coupling. To this end we have done simulations for two values of β and looked at two-point correlation functions from which we derive hadron masses, quark masses and meson decay constants.
First we looked at hadron masses. The most visible difference between Wilson and improved fermions is that the ρ mass is much lighter in the Wilson case at comparable pion masses. In fig. 5 we see that the improved action has brought the ρ mass closer to its physical value when we use the string tension to set the scale. In this figure we have compared the Wilson action ρ masses at many different scales. We see a linear behavior in the lattice spacing a as one would expect. For improved fermions we find the discretization errors reduced for our couplings.
A problem with Wilson fermions was that they could not describe the vector-pseudoscalar mass splitting adequately. This problem seems to be cured by using improved fermions.
Quark masses are important parameters in the Standard Model. Experimentally, their values are poorly known, and a reliable lattice determination would be useful. Using two different methods, we have determined the light and strange quark masses. Our results can be seen in figs. 10, 11. Both methods give consistent results for improved fermions. In the continuum limit we find for the average of u and d quark masses m When calculating the decay constants, an advantage of using the improved theory is that the renormalization constants and improvement coefficients for f π , f a 1 , f ρ and f K * are known. For f K we still have to use the perturbative values of b A because they have not yet been computed non-perturbatively. A systematic uncertainty in the Wilson case lies in the choice of the renormalization constants. While the results are in reasonable agreement with phenomenology, the data are at present not precise enough to discuss an extrapolation to the continuum limit, with the possible exception of f K * . In that case it looks that there are relatively large O(a 2 ) effects between β = 6.0 and 6.2.
Our general conclusion is that the Wilson action at β = 6.0 has O(a) errors of up to 20% compared to the continuum extrapolation. The non-perturbatively O(a) improved theory still shows O(a 2 ) effects of up to 10% at β = 6.0, except for the Ward identity quark masses where the effect is somewhat larger. If one wants to go to smaller values of β, one probably will have to reduce the O(a 2 ) errors as well. Going to β = 6.2 reduces a 2 by a factor of almost two, bringing discretization errors down to 5% or less. To achieve a one percent accuracy would require calculations at several β values and an extrapolation to a = 0.
0.5028(17) 0.757 (7) 1.135 (18) Table 1 : Hadron masses at β = 5.7 for Sheikholeslami-Wohlert fermions with c SW = 1 and 2.25. In the bottom row we give κ c and the mass values extrapolated to the chiral limit. The numbers in roman (italic) are from three-parameter (two-parameter) fits. The errors are bootstrap errors. 
0.5179 (7) The critical values of κ, κ c , of our data for the linear (eq. (6)), chiral (eq. (7)) and phenomenological fit (eq. (8) Table 12 : Our results of the renormalized quark masses m M S (2 GeV) in MeV for improved and Wilson fermions, together with the extrapolation to the continuum limit (β = ∞). The continuum numbers refer to improved fermions. We give the results for both the Ward identity and the standard method. The decay constants f π , f a 1 , f ρ extrapolated to the chiral limit, as well as f K , f K * taken at the physical quark mass. 
